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LVI. A Difcourfe on the Locus for three and 
four Lines celebrated among the ancient 
Geometers , by H.Pemberton, M.D.R. S. 
Lond. et R. A. Berol. S. In a Letter 
to the Reverend Thomas Birch, D. D. Se¬ 
cretary to the Royal Society. 

SIR, Dec. 15. 1763. 

Read at R. S. TV /T Y worthy friend, and affociate 
15 Dec. 1 7 6 3 * in my early ftudies, thecolledtor 

of the late Mr. Robins’s mathematical tra&s, 
thought it conducive to a more compleat vindica¬ 
tion of the memory of his friend againft an infi- 
nuation prejudicial to his candour, to make fome 
mention of the courfe, I took in my early mathe¬ 
matical purfuits, and how foon 1 became attached 
to the ancient manner of treating geometrical fub- 
jedts. This gave occafion to my looking into fome 
of my old papers, amongft which I found a difcuf- 
lion of the problem relating to the locus ad tres & 
quatuor lineas celebrated among the ancients, which 
J then communicated to a friend or two, whofe 
fentiments of thofe ancient fages were the fame 
with mine. What I had drawn up on this fub- 
iedt is contained in the papers, I herewith put 
into your hands, which if you lhall think worthy 
of being laid before our honourable fociety, they 
are intirely at your dilpofal. 

I am your molt obedient fervant, 

H. Pemberton. 
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'T' H E defcribing a conic fedtion through the 
**■ angles of a quadrilateral with two parallel fides 
is fo ready a means of afiigning loci for the folution 
of folid problems, that it cannot be doubted, but 
this gave rife to the general problem concerning 
three and four lines mentioned by Apollonius, and 
defcribed by Pappus ; and it may be learnt from 
Sirlfaac Newton, who hasconfidered the problem, 
how eafily the raoft extenlive form of it is reducible 
to the cafe, which I have fuppofed to give rife to 
it. 

Sir Ifaac Newton refers the general problem to 
this : Any quadrilateral A B C D being propofed, 
to find the locus of the point P, whereby PRQbeing 
drawn parallel to A C and S P T parallel to A B, 
the ratio of the rectangle contained un¬ 
der QP, PR to that under SP, PT Ta *) X * IV ‘ 
ihall be givenand this by purfuing ' g ' ** 
the fteps, whereby he proves, that the point P will 
in every quadrilateral be in a conic fedtion, may be 
readily reduced to the cafe of a quadrilateral with 
two fides parallel, after this manner. Draw B t 
and D N parallel to A C, then find the point M 
in N D, that the redtangle under M D N be to 
that under ANB in the ratio given, and draw Cr 
M d. 

Here R r will be to AQ, or SP, as MD to 
AN, and Br, or QP, to T/ as ND to NB 
whence the redtangle under R r, QP will be to 
that under SP, Tt as that under M D N to that 
under ANB, that is, in the ratio given of the rec¬ 
tangle under R P Q to that under S P T. Therefore, 
by taking the fum of the antecedents and of the 

confequents. 
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confequents, the redtangle under r P Qjwill be to 
that under S P /, that is, to the redtangle under 
AQB, in the quadrilateral A B C d, whole two 
lides AC, B d, are parallel, in the given ratio. 

In like planner, if three of the given lines pafied 
through one point, as the lines C A, C B, C D, and 
the redtangle under QJ? R be to that under S P T 
P Jo . in a given ratio, this cafe is with the lame fa- 

° ’ cility reduced to the like quadrilateral thus. 

Draw B E parallel to A C, that lhall cut S T 
produced in t, and let the point F be taken, that 
the redtangle under C A, E F be to the fquare of 
A B in the ratio given; then CrF being drawn, 

B t, or Q P, will be to T t as A C to A B, and 
R r to A Q, or S P, as EF to AB; whence the 
rectangle under QJP, R r will fie to that under 
T/, S P, as that under AC, E F to the fquare of 
A B, that is, in the given ratio of the redtangle 
under QJ 5 R to that under S P T, and the rec¬ 
tangle under QJP r will be to that under S P t or 
A QJJ in the quadrilateral A B C F, whofe two 
fides A C, B F are parallel, in the fame given 
ratio. 

Now let A B C D be a quadrilateral having the 
two fides A C, B D parallel, with any conic fec- 
tion pafling through the four points A, B, C, D; 
.p. alfo, the point E being taken in the fedtion, 

'g*3>4»5* an( j gpQ being drawn parallel to AC 
or BD, let the ratio of the rectangle under AG B 
to the redtangle under F E G be given : then the 
conic fedtion will be given. 

Let the fides AB, CD meet in M, and draw 
MI bifecting A C and B D in K and L. Then the 
± diameter 
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diameter of the fedtion, to which A C and B D 
are lines ordinately applied, will be in the line 
M I j and if NP, QS are tangents to the F - 
fedtion, and parallel to A C and BD, the 4 ‘ 

points O, R, in which they interfect M I, will be 
the points of their contadt, and the vertexes of that 
diameter. But the fquare of N O is to the rectangle 
under A N B, and the fquare of QJl to the redt- 
angle under AQJ3, as the rectangle under EGH 
or F E G to that under AGB, therefore in a given 
ratio; but the ratio of NM to NO, the fame as 
that of Q^M to QJl, is alfo given ; whence the 
ratio of the fquare of N M to the redtangle under 
A N B, or of the fquare of O M to the redtangle 
under K O L, is given, as likewife the ratio of the 
fquare of R M to the redtangle under KRL. 

Now in the ellipfis the fquare of M O, the di- 
ftance of the remoter vertex of the diame- F - 
ter O R from M, is greater than the redt- lg ’ 
angle under KOL; that is, the ratio given of the 
redtangle under FEG to that under AGB muft be 
greater than the ratio of the fquare of half the differ¬ 
ence between AC and BD to the fquare of AB. 
But in the hyperbola the fquare of M O is lefs than 
the redtangle under KOL; whereby the ratio of 
the redtangle under FEG to that under F . 
AGB fhall be lefs than that of the fquare 4 ' 
of half the difference between A C and BD to the 
fquare of AB [«]. l n 

[#] As the fquare of O M fhall be greater or lefs than the rect¬ 
angle under KOL, the fquare of NM will be refpeClively greater 
or lefs than the reCtangle under ANB; therefore the ratio of the 
fquare of N O to the re&3ngle under ANB, that is, of the 
reflangle under FEG to that under AGB, will be accordingly 

greater 
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In both cafes, if the point T be fuch, that the 
rectangle under M O T be equal to that under 
Fi 4 LOK, whereby MO {hall be to OT in 
6> ’ 3 ’ ’ the given ratio of the fquare of M O to the 
rectangle under LOK, the given redtangle under 
K M L will be to the redtangle under LTK (by 
Prop. 3 5. L. 7. Papp. [^]) in this given ratio, and 
therefore given 3 confequently the points T and O 
will be given. 

In like manner, if the redtangle under MRV be 
equal to that under L R K, fo that M R be to R V 
in the given ratio of the fquare of R M to the rec¬ 
tangle under L R K, the given redtangle under 
K M L (by Prop. 22. L. 7. Papp.) will be to the 
redtangle under L V K in the fame given propor¬ 
tion, whence the points V and R will be given. 

Thus in both cafes the points T and V will be 
found by applying to the given line K L a redtangle 
exceeding by a fquare, to which the given redtangle 
under K M L {hall be in the given ratio of the 
{quare of M O to the redtangle under K O L, or 
of the fquare of M R to the redtangle under 
KRLj MO being to OT, and MR to RV, in 
that given ratio. 

But in the laft place, if this given ratio be that 
Fv of equality, fo that the fquare of RM be equal 

1=l ’ ^ to the redtangle under K R L, by adding to 
both the redtangle under MRL, that under RML 
will be equal to that under KM, LR, and MR to RL 
as K M to M L, and the vertex R of the diameter 

greater or lefs than the ratio of the fquare of N O to the fquare 
of N M, which is the fame with that of the fquare of the differ¬ 
ence between A K, 3 L to the fquare of A B. 

0] See pag. 511. 


RI 
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R 1 will be given, the conic iedion being here a 
parabola, this diameter having thus but one ver¬ 
tex. 

Hitherto the point E, when the line E F G falls 
between A C and B D, is without the quadrila¬ 
teral, and within the lines A B, CD, whenEFG 
is without the quadrilateral. 

But when E is within the lines AC, B D in the 
firft cafe, and without in the fecond, the locus of 
the point E will be oppofite fedions, each palling 
through two angles of the quadrilateral. 

When one fedion pafies through A and C, and 
the other through B and D; then if the diameter 
MI be drawn, as before, and to K L be applied a 
redangle deficient by a fquare, to which 
the given redangle under K M L (hall be in 
the given ratio of the fquare of M O to the redan¬ 
gle under K O L, or of the fquare of M R to the 
redangle under K R L, the points T and V, con- 
llituting the redangles under KT L andunder KVL, 
being thus found, M O will be to O T, and M R 
to R V, in this given ratio (by prop. 30. L.7. Papp.) 
O and T being the vertexes of the diameter MI. 

But the redangles under KTL, K V L cannot 
be affigned, as here required, unlefs the ratio given 
for that of the fquare of O M to the redangle under 
K O L, or that of the fquare of R M to the rec¬ 
tangle under K R L, be not lefs than that of the 
redangle under KMLto the fquare of half K L j 
that is, when the ratio of the fquare of O N to the 
redangle under AN B, and that of the fquare of 
RQ^t° the redangle under AQB, or that of the 
given ratio of the redangle under F E G to that 
under A G B is not lefs than that of the redangle 
Vol. LIII. Ttt under 
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under AK, BL to the fquare of half AB, or of the 
redangle under AC, B D to the fquare of AB. 

But if one of the oppofite fedions pafs through 
A and B, and the other through C and D, the ra¬ 
tio of the redangle under F E G to that under 
A G B will be lefs than that of the redangle under 
PI AC, BD to the fquare of AB. For CL 
being drawn parallel to A B, and AD joined 
and continued to M, the line D M falls wholly 
within the fedion palling through C and D : there¬ 
fore K M is lefs than K L, and the ratio of K D 
to K L lefs than that of K D to K M, that is, 
of B D to A B ; whence B K being equal to A C, 
and C K to A B, the ratio of the redangle under 
B K D to that under C K L, being the ratio of the 
redangle under E G H, or F E G, to that under 
A G B, will be lefs than the ratio of the redangle 
under AC, B D to the fquare of A B. 

And here the point L is given; for the given 
redangle under B K D is to that under C K L in 
the given ratio of the redangle under H G E, or 
that under FEG, to the redangle under AGB; 
hence C K, equal to A B, being given, K L is 
given, and consequently the point L. 

Again, B L being joined, and NEOP drawn 
parallel to A B, alfo G E F continued to as A G, 
equal to C Q, to F Q^_ fo will C K be to D K, and 
O P to E G, equal to O B, as K L to B K, con- 
fequently the redangle under O P, A G will be to 
that under E G, F as that under K L, C K to 
that under K B, D K, that is, as the redangle un¬ 
der A G B to that under FEGj and by combining 
the antecedents and confequents the redangle 
under PEN will be to that under QJE G in the 
fame given ratio. More- 
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Moreover D K being to A C as K M to C M, the 
ratio of D K to A C, that is, the ratio of the rec¬ 
tangle under BKD to the fquare of AC, will be lefs 
than the ratio of K L to CL, or the ratio of 
the redtangle under C K L to that under A B, CL; 
therefore, by permutation and inverlion, the ratio 
of the redtangle under C K 1 / to the redtangle under 
B K D, that is, the given ratio of the redtangle 
under N E P to that under A N C, equal to that 
under G E is greater than the ratio of that un¬ 
der A B, CL to the fquare of A C. And hence 
the oppofite fedtions palling through the angles of 
the quadrilateral ABCL, whofe tides A B, C L 
are parallel, will be given as before. 

When the given ratio of the fquare of O M to 
the redtangle under L O K {hall be that of p- ^ 
the redtangle under K M L to the fquare >S ' 
of half KL, whereby the given ratio of the 
redtangle under FEG to that under A G B (hall be 
that of the redtangle under AC, BD to the fquare 
of A B, the points T and V fhall unite in one, bi- 
fedting K L, and the points O and R {hall alfo 
unite in one, dividing the line KLM harmonical¬ 
ly; and then the locus of the point E will be each 
of the diagonals of the quadrilateral. 

In the laft place, if the diagonals A D, B C of 
the quadrilateral were drawn, cutting GE p . _ 
in I and K, and the ratio of the redtangle lg ’ 
under K EI to that under AID were given, and 
not that of the redtangle under G E F to that un¬ 
der AGB; then the interfedtion of thefe diago¬ 
nals, as L, will be in the line drawn from M bi- 
fedling A C, and B D, and the point L will fall 
within the quadrilateral, whereby the locus, when an 

Ttt 2 clliplis 
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ellipfis or iingle hyperbola, will be afligned by the 
36th propofition of the forefaid book of Pappus: 
and when oppofite feCtions, by the 30th proportion, 
or be reduced to the preceding cafes thus. 

Since K G will be to G B as C A to A B, and 
I G to G A as B D to A B, the reCtangle under 
K GI will be to that under A G B, in the given 
ratio of the reCtangle under AC, B D to the fquare 
of A B. Therefore when the ratio of the rectan¬ 
gle under K EI to that under AID is given, the 
redtangle under AID alfo bearing a given ratio to 
that under A G B, the ratio of the reftangle under 
K EI to that under A G B will be given, and in 
the laft place the ratio of the reCtangle under G E F 
to that under A G B will be given, this reCtangle 
under GEF being theexcefs of that under KGI 
above that under KEl[f]. And thereby the feCti- 
ons will be determined, as before. 

AND thus may the locus of the point fought be 
aligned in all the cafes of this ancient problem, 
which Sir Ifaac Newton has diftinCtly explained. 
The other cafes, he has alluded to, may be treated, 
as follows. 

When three of the given lines lhall be parallel, 
as A C, B D, and H I, the fourth line being A B, 
and KELM being parallel to AB, the 
,g * 9 ' ratio of the reCtangle under KEL to the 
reCtangle under E G and E M lhall be givenjj 
that is, three points A, B, and H being given in 
the line A B, with the line GE infilling on AB in 
a given angle, that the reCtangle under AGB lhall be 
to that under G H and G E in a given ratio: then 

jV] By Prop. 193. Lib. 7. Papp. 


take 
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take A N equal to B H, and draw N O paral¬ 
lel to A C, B D, and HI. 

Then if NP be drawn, that P O be to ON in 
the given ratio, N P will be given in pofition, and 
P O will be to O N, that is, E G, as the redangle 
under KEL to that under EM, EG ; fo that the 
redangle under KEL will be equal to that under 
PO, EM. But the redangle under O K M is equal 
to the excefs of that under OEM above that under 
KEL [d ]; therefore the redangle under O K M, 
or that under N A H, or under N B H, is equal to 
that under E M and the excefs of OE above O P, 
that is, to the redangle under PEM; the point E 
therefore is in an hyperbola defcribed to the given 
afymptotes PN, MH, and palling through A and B. 

Again if two of the given lines only are parallel, 
but the redangles otherwife related to them, than 
as above. Suppofe the ratio of the redangle under 
A G, E F to that under B G, G E is given. Let 
C D meet A B in L, and let H E I, M F N be 
drawn parallel to A B, and L K parallel to A C and 
B D. Then the parallelogram E M will 
be to the parallelogram EB in the given Flg ‘ I0, 
ratio. Take AO to OB in that ratio, and draw 
O P parallel to A C and BD. Here the point O 
will be given, and the parallelogram P A will be in 
the given ratio to the parallelogram P B; whence 
A B will be to B O as the parallelogram B H to the 
parallelogram B P, and as the difference between 
the parallelograms E M and E B to the parallelo¬ 
gram E B,confequentIy as the parallelogram G M to 
the parallelogram P G ; therefore the ratio of the 
redangle under A G, F G to the redangle under 
[d] By Prop. 194. Lib. 7. Papp. 
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E G, E P or O G will be given; and in the laft 
place the ratio of F G to G L being given, the 
ratio of the rectangle under A G and G L to that 
under E G, O G will be given. And thus three 
points A, L, O, will be given with G E infilling 
on AB in a given angle, as in the preceding 
cafe. 

Moreover, AC and BD being parallel, AB and CD 
may be alfo parallel. And then, when the ratio of 
the redtangle under AGB tothatunderGEF 
Flg * 11 ‘ is given, the determination of the locus is fo 
obvious as not to have required a diftindt explanation. 
But when the redtangle under AG, E F bears a given 
ratio to that under BG, GE; let the diagonals 
A D, B C be drawn, and HELK drawn parallel 
to A D. Then the redtangle under H E L will be 
to that under K E I in the fame given ratio; 
and if C M be taken to M B in the fame ratio, the 
lines MNP, MOQ_drawn, the firft parallel to 
AC, B D, and the other parallel to A B, C D, will 
be given in pofition, and the diagonal B M will 
bifedt both I K, N O, and H L j therefore the 
redtangle under H E L being to that under K E I 
as M C to M B, that is, as NH to N K, here by 
divifion the redtangle under H E L will be to that 
under IH K [ e ] as NH to HK; therefore equal to 
that under N H and I H or K L. But the redt¬ 
angle under N E O is equal to the fum of the redt- 
angles under H N L and under H E L [/]; there¬ 
fore the redtangle under NEO is equal to that 
under N H, N K, equal to that under A P D, 
that is, equal to that under P A or that under 
P D Q, the diagonal B M bifedtingboth P Q^and 

[<?] By the prop, of Papp. before cited. [/] By the fame. 

A D. 
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A D. Bat thus the point E is in an hyperbola de~ 
fcribed to the afymptotes MN, MO, and palling 
through A and D. 

THE determination of this locus for three lines is 
folved almoft explicitly by Apollonius in the three laft 
propolitions of his third book of Conics. For if the 
three lines propofed were AB, AC, BC, and the 
point fought D, that the ratio of the redangle under 
EDF (the line EF being drawn parallel 
to B C) fhould be in a given ratio to the fquare Flg,I2 » 
of a line drawn from D to B C in a given I3 ’ I4 ‘ 
angle, the fquare of which line will be in a given 
ratio to the rectangle under BE, C F ; then if B H, 
CI are drawn parallel to AC and A B refpedively, 
alfo BDL, CDK drawn through D, the fquare 
of BC will be to the redangle under BK, CL as 
the redangle under D F, D E, to that under C F, 
B E. 

Hence if the ratio of the redangle under DF, 
D E to the fquare of a line drawn from D on B C 
in a given angle, is given j the fquare of this line 
being in a given ratio to the redangle under C F, 
BE, the ratio of the redangle under BK, CL to 
the fquare of B C will be given; whence a conic 
fedion palling through D will in all cafes be given. 

In the firft place let the point D be within the 
angle B A C. Then if B C be bifeded by the line 
A M, this will be a diameter to the conic 
fedion, which lhall touch BA, AC in the Flg,I:2 * 
points B, C, and B C will be ordinately applied to 
that diameter j the vertex of this diameter being N, 
the given ratio of the redangle under BK, CL to 
2 the 
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the fquare of B C will be compounded of the ratio 
of the fquare of M N to the fquare of NA, and of 
the ratio of the rectangle under B A C to the fourth 
part of the fquare of B C; and thus the line A M 
will be divided in N in a given ratio, and the point 
N, one vertex of the diameter, to which B C is or- 
dinately applied, will be given. 

If AN be equal to NM, the point N will be 
the only vertex of this diameter, and the fedtion will 
be a parabola. 

Otherwife by taking the point O in A M extend¬ 
ed, fo that the ratio of A O to O M be the fame 
with that of AN to NM, the point O will be the 
other vertex of the diameter. 

And here if the ratio of A N to NM be that of 
a greater to a lels, the point O will fall beyond M 
from A within the angle B A C, the conic fedtion 
being an ellipfis. 

But if the ratio of AN to NM be that of a 
lels to a greater, the point O will fall on the other 
fide of A, and the fedtion will be an hyperbola. 

F; And in this cafe if the oppofite fedtion be 

* s ‘ I3 ’ drawn, that alfo will be the locus of the 
point D within the angle vertical to the angle 
BAC. 

In the laft place, if D be in either of the collate¬ 
ral angles, A M drawn as before will contain a fe- 
condary diameter in oppofite fedtions, one of which 
v . fhall touch B A in B, and the other C A in 
r ' S ' 14 ’ C. Then if one of thefe fedtions pafs thro’ 
D, the fedtions will be given. For here P A (^be¬ 
ing drawn through A parallel to B C, the given ra¬ 
tio of the redtangle under CL, BK to the fquare 

of 
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of B C will be the fame with that of the given redfc- 
angle under B AC to the fquare of AP: therefore 
A P is given, and thence the fedtions. For let R S 
be the fecondary diameter, to which BC is ordi- 
nately applied, and T the center of the oppofite 
fedtions. Then the fquare of BM will be to the redt- 
angle under A M T as the fquare of the tranfverfe di¬ 
ameter conjugate to the fecondary diameter R S to the 
fquare of this fecondary diameter ; and if a line were 
drawn from M to P, this would touch the hyper¬ 
bola BP in P [g], and the fquare of AP will be 
to the redtangle under MAT in the fame ratio; 
therefore the given ratio of the fquare of M B to the 
fquare of A P will be that of the redtangle under 
AMT to the redtangle under MAT, or the ratio 
of M T to AT; confequently the ratio of M T 
to A T is given, and thence the point T. But alfo 
the diameter R S is given in magnitude, the fquare 
of RT or of ST being equal to the redtangle un¬ 
der M T A; whence in the lafl place the tranfverfe 
diameter conjugate to this is alfo given ; for the fquare 
of this diameter is to the fquare of R T as the given 
fquare of B M to the redtangle under AMT now 
alfo given. 

But a more Ample cafe may alfo be propofed in 
three lines, when the ratio of the redtangle F . 
under EDF fhould be equal to the redtan- Ig ’ 
gle under a given line, and that drawn from D to 
BC in a given angle; 

This line will bear, both to B E and F C, a given 
ratio, and the redtangle under EDF will be in a given 

M Apoll. conic. L. II. prop. 40. 

Vol. LIII, Uuu 
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ratio to the redangle under the given line and E B 
or CF. 

Let the line given be H, and take M B and N C, 
that the redangle under MBC, and that under 
B C N be to that under B A and H in the given ra¬ 
tio of the redangle under E D F to that under B B 
and H, B M and C N being equal. Then draw from 
M and N lines parallel to B A, C A, which lhall in~ 
terfed E F in K and L, whereby, M K cutting 
C A in I, the redangle under MBC will be to that 
under B A and H as the redangle under BMC to 
that under MI and H, and alfo as the redangle un¬ 
der EKF to that under KI and H, that is, as the 
redangle under E D F to that under H and B E or 
MK, whence by adding the antecedents and confe* 
quents the redangle under K D L will be to the red* 
tangle under H and MI in the fame given ratio, 
which is alio that of the redangie under B M C to 
the fame redangle under H and MI: the point D 
therefore is in an hyperbola palling through B and C 
having for afymptotes the lines M K and N L given in 
polition, the redangle under K D L being equal to 
that under BMC, or that under MBN. 

If the two lines A B and A C are parallel, the 
locus may be known to be a parabola by the laft 
propofition of the fourth book of Pappus. 

But if B C were parallel to one of the other, the 
locus will be an hyperbola, as the preceding, but 
affigned by a Ihorter procefs. 

Suppofe the given lines to be A E, A F, 
*6. an( j g c p ara iiel to A F. And let the 
redangle under E D F be equal to that under D G, 
and the given line H, the line E G making given 
angles with A E, A F. Here take E I equal to H, 
i and 
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and dedud from both the redangles that under EI 
or H, and DF, whereby will be left the redangle 
under IDF equal to that under H and FG, both 
whofe fides are given. Draw therefore IK parallel 
to A E, asid the redangle under IDF will be equal 
to this given redangle, the given lines KI, AF being 
the afymptotes to the hyperbola paffing through D. 

Coroll. If L M be drawn through B parallel to 
E F, L B fhall be equal to F G, and B M equal to 
E I or H, whereby the hyperbola oppolite to that 
paffing through D will pafs through B. 

SCHOLIUM. 

The propofitions of Pappus, which have been refer¬ 
red to in pag. 500, 501, 504, 1. 2. are given by him, 
among others, for Lemmas fubfervient to the loft 
treatife of Apollonius De Jeff tone determined a , and the 
four here cited refped and comprehend all the cafes 
of the problem, where three points are given in any 
line, and a fourth is required fuch, that the redangle 
under the fegments of the propofed line intercepted 
between the point fought, and two of the given 
points, fhall bear a given ratio to the fquare of the 
fegment terminated by the third point. 

The cafes indeed of the problem, from the diver- 
lity of lituation in the points given to the point fought 
and to one another, are in number fix. The given 
extreme of the fegment to conftitute the fquare may 
either be without the other two given points, or be¬ 
tween them. And when it is without, the point 
fought may be required to be taken without them all, 
either on the fide oppofite to the given extreme of the 
fegment to conftitute the fquare, which will be one 
cal'e,or it may be required to fall on the fame fide, 
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which will be a fecond cafe. If it be required to fall 
between this point and the other two, this will be a 
third cafe. A fourth cafe will be, when the point 
fought fhall be required to fall between the other two 
points. Alfo when the given extreme of the feg- 
ment to conftitute the fquare lies between the other 
two given points, the point fought may be required to 
fall, either there alfo, or without, compofing the 5th, 
and 6th cafes. 

The propofitions in Pappus referring to thefe cafes, 
though but four in number, fuffice for them all, each 
propofition being applicable to the problem two ways. 
For inftance the thirty-fifth propofition, as exprelfed 
by Pappus, is this, being the firft above cited. Three 
points C, D, E being taken in the line A B, fo that 

theredangle under ABE be equal __ _, 

to that under CBD, AB is to BE £ £ g 

as the redangle under D A C to 
that under C E D. Now A B is to B E, both as 
the fquare of ABto the redangle under ABE, and 
as the redangle under ABE to the fquare of B E. 
Therefore if the ratio of A B to BE be given, 
the ratio of the fquare of A B to the redangle under 
CBD will be given, which is the firft of the cafes 
above defcribed, and alfo the ratio of the redangle 
under C B D to the fquare of B E given, which is 
the fecond cafe. In both cafes the redangle under 
D A C will be to that under C E D in the given 
ratio of A B to BE. But in the firft the red¬ 
angle under D A C will be given, and the point E 
in the redangle under CED to be found by ap¬ 
plying a redangle, which fhall bear a given ratio to 
the given redangle under D A C to the given line CD 
exceeding by a fquare; and in the fecond cafe the 

redangle 



[ S*3 3 

redangle under C E D is given, and A in the red¬ 
angle under D A C to be found by applying to the 
given line C D a redangle exceeding by a fquare, 
which lhall bear a given ratio to the redangle under 
C E D now given $ whence by the ratio of A B to 
B E given the point B will be found in both cafes. 

The 2 2d propofition either way applied refers to 
the 3d cafe only, the 30th relates both to the 4th 
and 5 th, and the 36 th propofition to the remain¬ 
ing 6th. 

The 45th, and other following propofitions, are 
accommodated to the folution of Apollonius’s prob¬ 
lem, when four points are given, and a fifth requir¬ 
ed, which with the given points (hall form four feg- 
ments fuch, that the redangle under two ihall bear 
a given proportion to the redangle under the other 
two. The various cafes of this problem appear to 
have been the fubjed of the fecond book of the 
mentioned treatife of Apollonius and, according to 
the charader given by Pappus of thofe propofitions, 
thefe lemmas ferve to reduce them to problems in the 
firfi. book, not thofe above mentioned, but thofe, 
where three points being given, the redangle under 
the fegments included by two, and a fourth point 
Ihall bear a given proportion to the redangle under the 
fegment formed by the third point and a given line. 

For inftance the 46th propofition is this j in the 

line A B four points , ,_._. _ 

A, C, E,B beinggiven; lc D EF B 

and the point F aflum- |-1 

ed between E and B; G 

alfo D taken, according to the 41ft propofition, that the 
redangle under ADC be equal to that under BDEj 
if G be equal to the fum of AE, CB, the redan- 

gle 
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gle under AFC together with that under EFB 
will be equal to the redangle under G and D F. 

Here if it were propofed to find the point F, that the 
ratio of the rectangle under A F C to that under EFB 
fihould be given,the ratio of the redangle under AF C 
to that under DF and the given line G would be given. 

But this analyfis may be carried on to a compleat 
folution of the problem thus. If C N be taken to 
G in the given ratio of the redangle under AFC to 

that under DF and G, ._._|_|_j_|____| 

the point N will be given, a C D E F B N 

and the redangle under |—---—-1 

A F, C N will be to G 

that under AF, G in this ratio of CN to G ; confe- 
quently the excefs of the redangle under A F, C N 
above that under AFC, that is, the redangle under 
A F N, will be to the excefs of the redangle under 
A F and G above that under D F and G, or the given 
redangle under A D, G, in the fame given ratio, and 
in the laft place the redangle under AFN will equal 
the given redangle under A D and C N. 

Here I have chofen this propofition in particular, 
bccaufe the cafe of the problem, to which it is fubfer- 
vient, is fubjed to a determination, when F N (hall 
be equal to AF. And then the redangle under 
AFN being equal to that under AD and CN, as CN to 
FN fo is AF to AD, and by divifion as CF to FN fo DF 
to AD ; therefore when AF is equal to FN, CF will 
be to A F as F D to A D : confequently C D to F D 
as FD to AD, and the fquare of DF equal to the 
redangle under ADC, when the problem admits of 
a fingle folution only, wherein the rectangle under 

AFC 
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AFC will bear to that under E F B a lefs ratio than in 
any other lituation of the point F between E and B. 

Moreover CN is to G as the redangle under 
AFC to the fum of the redangles under AFC and 
E F B; therefore F N being equal to A F, when the 
problem is limited to this lingle folution, the redangle 
under AFC lhall be to the redangles under AFC 
and EFB together as the fum of AF and FC to 
G, which is equal to the fum of A E and C B j 
whence by divilion the ratio of the redangle under 
AFC to that under EFB, when the problem is 
limited to this fingle folution, will be that of the 
fum of A F and C F to the excefs of F B above E F. 

Thus diredly do thefe lemmas correfpond with A- 
pollonius’s firft mode of folution, and lead to the ge¬ 
neral principle of applying to a given line a redangle 
exceeding or deficient by a fquare, which lhall be equal 
to a fpace given. This being a Ample cafe of the 28th 
and 29th propofitions of the 6th book of Euclid’s ele¬ 
ments, admits of a compendious folution. Such a one 
is exhibited by Snellius in his treatife on thefe problems 
(in Apollon. Batav.) and Des Cartes has exhibited 
another more contraded in it’s terms, but not there¬ 
fore more ufeful. It may alfo be performed thus. 
If upon a given line A B any triangle A C B be 
ereded at pleafure ; then if the legs CA, CB, 
whether equal or unequal, be continued to Fig. 17. 
D and E, that the redangles under CAD 
and C B E be each equal to the given Ipace, 
and a circle be defcribed through C, D, E cut- 
ting A B extended in F and G, the redangle un¬ 
der B F A and B G A will each be equal to F . 
the fpace given. Alfo if in the legs CA, S ' lS ' 
CB the redangles under CAD and CBE be each 

taken 
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taken equal to the fpace given, and a circle in 
like manner be defcribed through C, D, E, cutting 
A B in F and G, the rectangles under A F B and 
AGB will each be equal to the given fpace. 
Here it is evident, that the fpace given muft not 
exceed the fquare of half A B, when equal, the cir¬ 
cle will touch A B in it’s middle point. 

POSTSCRIPT. 

A S this application to a given line of a re&angle ex¬ 
ceeding or deficient by a fquare, or the more 
general problem treated of in the fixth book of the 
elements, of applying a fpace to a line fo as to exceed 
or be deficient by a parallelogram given in fpecies, 
is the molt obvious refult, to which the analyfis of 
plane problems, not too fimple to require this con- 
ftru&ion, leads; fo the defcriptions of the conic fec- 
tions here treated of, ftand in the like ftead in regard 
to the higher order of problems ftyled folid from the 
ufe of the conic feCtions deemed neceflary for their 
genuine folution. And thefe are the only modes of 
folution, the modern algebra, which grounds its ope¬ 
rations on one or two elementary propolitions only, 
naturally leads to. But as the form of analyfis a- 
mongft theantients, by expatiating through a larger 
field, often was found to arrive at conclufions much 
more concife and elegant, than could offer themfelves 
in a more confined track j the antient fages in geome¬ 
try, that the folid order of problems might not want 
this advantage, fought out that copious and judicious 
collection of properties attending the conic feCtions, 

which 
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which, with feme ufeful additions from later writers, 
have been handed down to us. 

And as the advantages of this ancient fyftem of 
analyfis cannot be too much inculcated in an age, 
wherein it has been fo little known, and almoft to¬ 
tally negledted, permit me, Sir, to clofe this addrefs 
to you with an example in each fpecies of problems. 

Were it propofed to draw a triangle given in fpe¬ 
cies, that two of its angles might touch each a right 
line given in pofition, and the third angle a given 
point. It is obvious, how difficult it would be to 
adopt a commodious algebraic calculation to this prob¬ 
lem ; notwithftanding it admits of more than one 
very concife folution, as follows. 

Let the lines given in pofition be A B, Fio . 

AC and the given point D, the triangle 20 ', 21 .' 
given in Ipecies being E D F. 

In the firfi: place fuppofe a circle to 
the three points A, E, D, which fhall i„ w - Fi 
fed AC in G. Then EG, DG being s 9< 
joined, the angle DEG will be equal to the given 
angle D A C, both infilling on the fame arch D G; 
alfo the angle E D G is the complement to two right 
of the given angle B AC; thefe angles therefore 
are given, and the whole figure E F G D given in 
Ipecies. Confequently the angle E G F, and its equal 
A D E will be given together with the fide D E of 
the triangle in pofition. 

Again, fuppofe a circle to pafs through the three 
points A, E, F, cutting A D in H, and F . „ 

E H, F H joined. Here the angle EFH ' s ' °* 
will be equal to the given angle E A H, and the an- 

Vol. LIII. Xxx gle* 


pafs thr . 

L,_ ou § h 



[ 5 l8 ] 

gle F E H equal to the given angle F A H. There¬ 
fore the whole figure E H F D is given in fpecies, 
and confequently the angle A D E, as before. 

In the lafl: place fuppofe a circle to circumfcribe 
p. the triangle, and interfed one of the lines, 

g ’ as A C, in I. Here DI being drawn, 
the angle DIF will be equal to the given angle 
D E F in the triangle} confequently DI is inclined 
to A C in a given angle, and is given in pofition, 
as alfo the point I given j whence IE being drawn, 
the angle FIE will be the complement of the angle 
E D F in the triangle to two right. Therefore IE 
is given in pofition, and by its interfedion with the 
line A B gives the point E, with the pofition of 
DE, and thence the whole triangle, as before. 

Here it may be obferved, that the angle D of 
the triangle E D F given in fpecies touching a given 
point D, and another of its angles touching AC, the 
line I E here found is the locus of the third an¬ 
gle E. 

Again, in the aftronomical ledures of Dr. Keil, it 
is propofed to find the place of the earth in the eclip¬ 
tic, whence a planet in any given point of its orbit 
fhall appear ftationary in longitude, and a folution 
is given from the late eminent aftronomer. Dr. Hal¬ 
ley, upon the afifumption, that the orbit of the earth 
be confiderea as a circle concentric to the Sun. 

But for a compleat folution of this problem let the 
following lemma be premifed. 

The velocity of a planet in longitude bears to the 
velocity of the earth the ratio, which is compounded 
of the fubduplicate ratio of the latus return of the 
greater axis of the planet’s orbit to the latus reBum 

of 
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of the greater axis of the earth’s orbit, of the ratio 
of the cofine of the angle, which the orbit of the 
planet makes with the plane of the ecliptic, to the 
radius, and of the ratio of a line drawn in any angle 
from the center of the fun to the tangent of the or¬ 
bit of the earth at the point, wherein the earth is, to 
a line drawn in the lame angle from the fun to the 
tangent of the orbit of the planet projected upon the 
plane of the ecliptic at the place of the planet in the 
ecliptic. 

Let A be the fun, B C the orbit of any planet, 
D E the fame projected on the plane of the ecliptic, 
F G being the line of the nodes, B the place of the 
planet in its orbit, D its projected place: then the 
plane through B and D, which lhall be perpendi¬ 
cular to both the planes B C and D E, interfering 
thofe planes in B H, D H, the lines B H, D H will 
be both perpendicular to the line of the nodes, and 
the angle BHD the inclination of the orbit to the 
plane of the ecliptic. But tangents drawn to BC 
and DE at the points B and D relpedtively will 
meet the line of the nodes, and each other in the 
fame point I, and the velocity of the planet in lon¬ 
gitude will be to its velocity in the orbit B C, as DI 
to BI. 

Now from the point A let A K fall perpendicular 
on B I, and. A L be perpendicular to DI: then 
the ratio of DI to IB will be compounded of the 
ratio of DI to DH, or of AI to AL, of the ratio 
of D H to B H, and of that of B H to B I, that is, 
of A K to AI. But D H is to B H as the cofine 
of the inclination of the orbit to the radius, and the 
two ratios, that of AI to AL, and that of AK to 
A I, compound the ratio of AK to AL: therefore 
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the velocity of the planet in longitude is to the ve¬ 
locity in its orbit in the ratio compounded of that of 
the coline of the inclination of the planet’s orbit to 
the radius, and that of AK to AL. 

Moreover the ratio of the velocity of the planet in 
B to the velocity of the earth in any point of its or¬ 
bit is compounded of the fubduplicate of the ratio 
of the lalus reckon of the greater axis of the planet’s 
orbit to the lotus reSium of the greater axis of the 
earth’s orbit, and of the ratio of the perpendicular 
let fall from the fun on the tangent of the earth’s or¬ 
bit at the earth to A K, the perpendicular let fall on 
the tangent of the planet’s orbit at B. Therefore 
the velocity of the planet in longitude, when in B, 
to the velocity of the earth in any point of it’s orbit 
is compounded of the fubduplicate ratio of the latus 
re Bum of the greater axis of the planet’s orbit, to the 
latus re Bum of the greater axis of the earth’s orbit, of 
the ratio of the co-line of the inclination of the pla¬ 
net’s orbit to the radius, and of the ratio of the fore- 
faid perpendicular on the tangent of the earth’s orbit 
to A L, the perpendicular on DI: thefe perpendi¬ 
culars being in the fame ratio with any lines drawn 
in equal angles to the refpedive tangents. 

This being premifed, the place of a planet in the 
ecliptic being given, the place of the earth, whence 
the planet would appear Ibationary in longitude, may 
be ailigned thus. 

A denoting the fun, let B be a given place of any pla¬ 
net in it’s orbit proje&ed orthographically on the plane 
Fj ff 2 of the ecliptic, CB the tangent to the pla- 
23 ‘ net’s projected orbit at the point B, which 
will therefore be given in polition. Alfo let DE be 

tlie 



L 5« ] 

the orbit of the earth, and the point D the place of 
the earth, whence the planet would appear ftationary 
in longitude at B< 

Join A B, and draw a tangent to the earth’s orbit 
at the point D, which may meet C B in F, and 
the line AB in G; draw alfo AH making with 
DF the angle AHD equal to that under ABC. 
Then the point D being the place, whence the pla¬ 
net appears ftationary in longitude, as F B to F D fo 
will the velocity of the planet in longitude in B be 
to the velocity of the earth in D, this velocity of 
the planet in B being alfp to the velocity of the earth 
in D in the ratio compounded of the fubduplicate of 
the ratio of the latus return of the greater axis of 
the planet’s orbit, to the latus reSlum of the greater 
axis of the orbit of the earth, of the ratio of the 
co-fine of the inclination of the planet’s orbit to the 
plane of the ecliptic to the radius, and of the ratio of 
AH to AB : therefore the ratio of FB to FD will 
be compounded of the fame ratios; and if I be taken, 
that the ratio of A B to I be compounded of the 
two firft of thefe, I will be given in magnitude, and 
the ratio of F B to F D will be compounded of the 
ratio of AB to I, and of AH to AB. Whence 
FB will be to FD as AH to I; and the angles 
CBA, or FB G, and AHG being equal, where¬ 
by F G will be to F B as A G to A H, by equa¬ 
lity F G will be to F D as A G to I, and D K 
being drawn parallel to F B, B G will be to B K as 
FG to FD, and therefore as AG to I. 

But now, as this problem may be diftributed into vari¬ 
ous cafes, in the firft place confider the earth as mov¬ 
ing in a circle concentric to the fun, and likew'ife C B, 
the tangent to the planet’s orbit, perpendicular to A B„ 

But 
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But here DK alfo will be perpendicular to AB, 
and A B meeting the earth’s orbit in L and M, the 
F . redtangle under K A G will be equal to the 

S> + ' fquare of A M. But B G being to B K as 
A G to I, if B N be taken equal to I, B G will be to 
BK as A G to BN, and A B to KN alfo as A G to 
B N, and the redtangle under N K, A G equal to 
that under A B and I: therefore the rectangle under 
K A G being equal to the fquare of A M, N K will 
be to K A as the rectangle under A B, I to the fquare 
of A M, that is, in a given ratio, and K D with the 
point D will be given in portion; 

Again, when C B is not perpendicular to L M, 
let DO be perpendicular to L M. Then the 
rectangle under O AG will be equal to the fquare 
p. of A M. But B N being taken equal 

* S ' 25 ‘ to I, as before, the redtangle under N K, 
AG will be equal to that under AB, I; whence 
N K will be to AO in the given ratio of the 
rectangle under AB, I to the fquare of AM, There¬ 
fore N P being taken to P A in that ratio, the point 
P will be given, and K P, the excefs of N P above 
N K, will be to P O, the excefs of A P above 
A O, in the fame ratio. Hence, as D K is parallel to 
C B and D O perpendicular to LM, the triangle KOD 
is given in fpecies, and if P D be drawn, the angle 
O P D will be given j for the co-tangent of the angle 
O K D will be to the co-tangent of the angle O P D, 
as KOtoOP, that is, as the rectangle under AB, I 
together with the fquare of A M to the fquare of A M, 
and hence the point D is given by the line P D drawn 
from a given point P in a given angle APDj and if 
A D be drawn, A D will be to A P as the fine of the 
angle A P D to the fine of the angle PDA} this angle 

therefore 



C 5 2 3 ] 

therefore is given, and the angles A P D, P D A be- 
ing given, the angle P A D is given. 

Coroll. Here, where the orbit of the earth is fup- 
pofed a circle, the ratio of I to A B, that is, of the 
rectangle under A B, I to the fquare of A B, will be 
compounded of the lubduplicate ratio of A M, the 
femidiameter of the earth’s orbit, to half the latus rec¬ 
tum to the greater axis of the planet’s orbit, and of the 
ratio of radius to the co-fine of the inclination of the 
planet’s orbit to the plane of the ecliptic j and adding 
on both fides the ratio of the fquare of A B to the 
lquare of AM, the ratio of the redangle under A B, 
I to the fquare of AM will be compounded of the 
ratio of the lquare of A B to the redangle under A M 
and the mean proportional between A M and the half 
of this latus rehum of the planet’s orbit, and of the ratio 
of the radius to the co-fine of the inclination of the 
net’s orbit. 

In the next place, though the earth’s orbit is not a 
circle concentric to the fun; yet if the projedion of 
the planet falls on the line perpendicular to the axis 
of the earth’s orbit, the point A will ftill bifed L M. 

In this cafe draw to the points L and M tangents 
to the ellipfis meeting in P, from whence through 
D drawP D meeting the ellipfis again in Q^and in- 
terfeding L M in O. Here if a tangent be drawn to 
the ellipfis in it will meet the tangent at F . , 

D on the line L M in the point G. ' s ’ 

Now L G will be to G M as L O to O M, and 
the point A bifeding L M, the redangle under GAO 
will be equal to the fquare of A M. But B G is to 
BK as AG to I. Therefore BN being taken 
equal to I, A B will be to K N as A G to I, and 
the redangle under A B, I equal to that under AG, 
4 KN : 
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KN: whence A O being to K N as the reCtangle 
under GAO to that under AG and KN, AO will 
be to K N as the given fquare of A M to the rect¬ 
angle under AB and I, alfo given. 

Draw R P parallel to C B, and take PS to A P, 
alfo N T to A R in this given ratio inverted. Then 
will the points T and S be both given, alfo A O will 
be to K N, and RO to KT, as AR to NT, that 
is, as A P to P S. Therefore if T V be drawn par¬ 
allel to C B, that is, to K D, and V S parallel to 
L M, thefe lines will be both given in pofition; and 
WDXY being alfo drawn parallel to LM, WD will 
be equal to KT, and RO being to KT, .as 
AP to PS, DY will be to WD as XP to PS, and by 
compofition YW to WD as XS to PS, and the given 
reCtangle under YW, or S V, and PS equal to that un¬ 
der WD, and XS. Whence SV being parallel to LM, 
the point D will be in an hyperbola palling thro’ P, and 
having for afymptotes the lines VS, VTgiveninpofition. 

But if-the projection of the planet fall on the axis 
of the earth’s orbit, or the fame continued, A B ex¬ 
tended to the earth’s orbit in L and M will be the 
axis of that orbit. 

If alfo C B Ihould be perpendicular to A B, K D 
would be ordinately applied to L M; and 
2 7 * the point R being taken, that Q^being the 
center of the orbit, the reCtangle under A Q_R be 
equal to the fquare of Q__M, the fame will be equal 
alfo to the reCtangle under G Q^K ; whence as G Q 
to A Q^fo RQjo QJC, and A G to A Q_as K R 
to QK. But, as above, B G being to B K as A G to I, 
and B N taken equal to I, B G will be to B K as 
A G to B N, and A B to K N alfo as A G to B N or I. 
Therefore if N S be taken to A B as I to A Q>_ by 
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equality N S will be to N K as A G to A Q^that is, 
as K R to Q^K ; and in the laft place N S to K S as 
K R to QJl, that is, the redangle under S K R equal 
to the given redangle under N S, Q.R j whence the 
point K, the polition of K D, and thence the point 
D will be given. 

But if D K be not ordinately applied to L M, let 
D O be ordinately applied to L M. Then here the 
redangle under A QJl, equal to the fquare of QJVI, 
will be equal to that under O QG, and 
G to A Q_as QJl to O Qj^whence by lg ' 2 
compolition AG to AQ^as OR to OQ^ But BN be¬ 
ing now alfo taken equal to I, and NS to A B as 
I to AQ, AB will be here in like manner to 
K N as AG to I, and N S to KN as A G to AQj^ 
therefore NS will be to KN as OR to OQ, and 
by converlion NS to KS as OR to QJl. But 
N S and QJR being both given in magnitude, if S P 
be taken to N S as QJR. to P R, the point P will be 
given, and alfo by equality S P will be to K S as OR 
to PR; whence if R V be drawn parallel to D O, 
and ST to K D, both R V and S T will be given 
in polition, one palling through the given point R, 
parallel to the ordinates applied to the axis LM, and 
the other through the point S alfo given, and parallel 
to K D or C B : alfo DTV being drawn parallel to 
M L, D T will be equal to K S and D V equal to 
O R, therefore as S P to D T fo D V to P R, and the 
redangle under SPR equal to that under TDV, 
confequently the point D in an hyperbola palling thro’ 
P, and having for afymptotes the lines S T, RV given 
in polition. 
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In the laft place when the line L M drawn through 
the fun in A, and the projected place of the planet 
in B, is neither the axis of the earth’s orbit, nor bi- 
feded in A, the tangents to the points L,M 
Fl S- 2 9 ‘ being drawn to meet in P, letLM be bifed- 
ed in O, and the point R taken, that the redangle under 
AQR be equal to the fquare of Q M, whereby 
P D O being drawn, the redangle under AQR {hall 
be equal to that under O QG, and QG to A Q as 
QJl to QO, or by compofition A G to A Qjrs O R 
to QO. Therefore if N B be here alfo taken equal 
to I, and N S to A B as I to A Q, A B being as 
before, to N K as A G to I; by equality N S will be 
to NK as A G to AQ^thatis, asORto QjO. Whence 
by converfion N S will be to K S as O R to QJS.; 
andif P T be drawn parallel to C B and S V be here 
taken to N S as QJR. to T R, by equality S V will 
be to K S as O R to T R and alfo by converfion S V 
to K V as O R to O T. Moreover S V will be given 
in magnitude, and the point V given j therefore VW 
drawn parallel to C B, or K D, will here be 
given inpofition. But WDXY being alfo drawn 
parallel to RV, SV will be to KV, or D W, as 
Y D to XD, and Y Z being taken equal to the given 
line S V, Y Z will be to D W as Z D to X W, equal 
to T V, and the given redangle under Y Z, T V 
equal that under W D Z. Therefore r Z being 
drawn parallel to R P, R r, and its equal Y Z, be¬ 
ing given, the line r Zis given in pofition, and the 
point D in an hyperbola having for afymptotes V W, 
r Z, and pafiing through P. 

4 


Thus 
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Thus is this problem in all cafes folved either by a 
right line, or an hyperbola given in pofition, which 
fhall interfeCt the projected orbit in the point fought. 
For though in each cafe the projection of the planet 
has here been confidered as within the orbit of the 
earth, the form of argumentation will be altoge¬ 
ther fimilar, were the projection of the planet without. 
And this is agreeable to the method, I have pur- 
fued throughout this difcourfe, where I have al¬ 
ways accommodated the expreffion to one fituation 
only of the terms given and fought in each article; 
the variation neceffary for the other cafes, when one 
has been duely explained, being fufficiently obvious. 

In the 5th volume of the Commentaries of the 
Royal Academy at Peterfbourg is given an algebrai¬ 
cal computation for a general folution of this problem 
in the orbits of any two planets projected on the 
plane of the ecliptic; but with this overfight of ap¬ 
plying to the projected orbits a propofition from Dr. 
Keil’s Aftronomical Lectures, which relates to the 
real orbits [a). 

However from the geometrical folution now given 
a calculation for affigning the point D may be formed 
without difficulty. L D M being the orbit of the 
earth, A is the focus, and R P perpendicular to the 


(a) The demonftration of Dr. Keil’s propofition proceeds on 
the known property in the planets of having their periodic times 
in the fefquiplicate ratio of the axes of their orbits, which con¬ 
fines the propofition to the real orbits; for in each planet the pe¬ 
riodic time through the proje&ed orbit is the fame, as through the 
real, though the axis in one be not equal to the axis of the 
other. 
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axis. 
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axis. Let this axis be a b meeting RP in c, r Z in 
d, P T in e and W V in f. Then the angle a AM 
is given, being the diftance between the heliocentric 
place of the planet in the ecliptic from the earth’s 
aphelion. Alfo PT being parallel to C B, the angle 
AT e, and confequently the angle AeT, will in 
like manner be given, whence the points r, R, T, V 
being given, as in the folution above, the points d % 
c, e, and f will be given, the triangles A R c, A T e, 
being given in fpecies, and fimilar refpedively to the 
triangles A V d, and A V f Alfo the re&angle under 
WDZ being equal to that under R r, V T, if DK 
be continued to the axis \ng, and DA be drawn par¬ 
allel to P R, the rectangle under f g> A d is equal to 
that under f e, d c, and both being dedu&ed from 
the redangle under f h d the excefs of the redangle 
under/" A d above that under fe, d c will be equal to 
that under g h d, fo that this difference will be a mean 
proportional between the fquare of hd and the fquare 
of h g, which is in a given ratio to the fquare of h D, 
and therefore in a given ratio to the redangle under 
ah b y DA being ordinately applied to the axis 
a b. 

Thus a biquadratic equation may be formed, where¬ 
by the point A fhall be found, and thence the point D, 
whofe diftance from A is to A e as the excentricity of 
the earth’s orbit to half its axis. 

Therefore I fhall only obferve farther, that here 
occurs an obvious queftion, what, in fo extended a 
fearch for principles leading to the folution of any 
problem, as the ancient analyfis admits of, can con- 
dud to the moft genuine upon each feveral occafion. 

But 
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But for this end, where commodious principles do 
not readily offer themfelves, the mofl: general means 
is to confider firfl Ample cafes of the problem in 
queftion, and from thence to proceed gradually to 
the more complex, as has been here done in the pre- 
fent problem, where the feveral preceding cafes lead 
one after another to the points and lines required for 
the laft cafe, wherein the problem is ftated in its mofl: 
extenfive form. 


INDEX. 
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